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Abstract—In this paper the Laplace Transform, Fractional
Fourier Transform, Fractional integration and k-Fractional dif-
ferentiation of the k-hypergeometric functions are investigated.
An integral representation of some special functions is used to
develop these results. Since the results derived here are general
in nature, it is expected that they will be a useful addition in the
theory of integral transforms and fractional integrals.

Index Terms—k-gamma functions, k-beta functions, k-
hypergeometric functions,k-beta transform.
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I. I NTRODUCTION

M UBEEN and Habibullah [1] definedk-hypergeometric
functions and k-fractional integrations[2] as a variant of

Riemann-Liouville fractional integrals. Diaz and Pariguan [3]
have deduced an integral representation ofk-gamma functions,
k-beta functions.They have also studiedk-hypergeometric
functions based on Pochhammerk-symbols for factorial
functions. These studies were extended by Mansour [4],
Kokologiannaki [5], Krasniqi [6] and Merovci [7] elabo-
rating and strengthening the scope ofk-gamma andk-beta
functions.Romero et.al[8]introduced a new fractional operator
called k-Riemann-Liouville fractional derivative defined by
using thek-Gamma functions. They also investigated relation-
ships with thek-Riemann Liouville integrals and derived some
properties by using Fourier and Laplace transforms. There
have been some important generalizations of these functions
that have been thoroughly investigated.

II. D EFINITIONS

k-Gamma Function
The integral representation ofk-gamma function[3] is

Γk (x) =

∫

∞

0

tx−1e−
tk

k dt , Re(x) > 0

k-Beta Function

Vinita Gupta is an Assistant Professor in Department of Humanities &
Sciences, Thakur College of Engineering & Technology, Mumbai-400101,
Maharashtra, India.
(E-mail:vinita.gupta@thakureducation.org).

Mukul Bhatt is an Assistant Professor in Department of Humanities &
Sciences, Thakur College of Engineering & Technology, Mumbai-400101,
Maharashtra,India.
(Email: mukulbhatt1971@gmail.com)

The integral representation ofk-beta function[3] is

Bk(x, y) =
1

k

∫ 1

0

t
x
k
−1(1− t)

y
k
−1dt, x > 0, y > 0

The relation betweenk-beta andk-gamma function is

Bk(x, y) =
Γk(x)Γk(y)

Γk(x+ y)

k- Hypergeometric Function
The k-Hypergeometric function defined by Mubeen and

Habibullah [1] is

2F1,k[(α, k), (β, k); (γ, k); z] =

∞
∑

n=0

(α)n.k(β)n,k
(γ)n,k

zn

n!
, k > 0

Laplace Transform
The Laplace Transform [9]off(t) is defined as

L{f(t)} =

∫

∞

0

e−stf(t)dt

Fractional Fourier Transform
Let f be a function belonging to Lizorkin spaceφ(R) .The

Fractional Fourier Transform(FFT) [9] off of order α is
defined as

fα(ω) = ℑα[f ](ω) =

∫

R

eiω
1
α tf(t)dt

k- Fractional Integration
k- Fractional Integration as a modification of Riemann-

Liouville fractional integral [2]is defined as

Iαk (f)(x) =
1

kΓk(α)

∫ x

0

(x− t)
α
k
−1f(t)dt

for k > 0, 0 < x < t < ∞. It reduces to the classical
Riemann-Liouville fractional integral by taking limitk −→ 1.

k- Riemann Liouville Fractional Derivative
Let β be a real number,0 < β ≤ 1. The k-Riemann

Liouville Fractional Derivative is given as

D
β
kf(t) =

d

dt
I
1−β
k f(t)

I
1−β
k f(x) =

1

kΓk(1− β)

∫ x

0

(x − t)
1−β
k

−1f(t)dt
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III. M AIN RESULTS

In this section the new results are found.
Laplace Transform of k-Hypergeometric function
If R(s) > 0 and | y

ks
| < 1 then

L{z
a
k
−1

2F1,k

[

(α, k), (β, k); (γ, k); yz
]

}

=
kΓk(a)

(ks)
a
k

3F1,k

[

(α, k), (β, k), (a, k)(γ, k);
y

ks

]

Proof:

L{f(z)} =

∫

∞

0

e−szf(z)dz

L{z
a
k
−1

2F1,k[(α, k), (β, k); (γ, k); yz]}

=

∫

∞

0

e−szz
a
k
−1

2F1,k[(α, k), (β, k); (γ, k); yz]dz

=

∫

∞

0

e−szz
a
k
−1

∞
∑

n=0

(α)n,k(β)n,k
(γ)n,k

(yz)n

n!
dz

=

∞
∑

n=0

[

Γk(α + nk)Γk(β + nk)Γk(γ)

Γk(α)Γk(β)Γk(γ + nk)

yn

n!

]

×

[

∫

∞

0

e−szz
a
k
+n−1dz

]

=

∞
∑

n=0

[

Γk(α + nk)Γk(β + nk)Γk(γ)

Γk(α)Γk(β)Γk(γ + nk)

yn

n!

]

×

[

∫

∞

0

e−
tk

k

(

tk

ks

)
a
k
+n−1

tk−1

s
dt

]

[

Putting sz =
tk

k

]

=

∞
∑

n=0

[

Γk(α+ nk)Γk(β + nk)Γk(γ)

Γk(α)Γk(β)Γk(γ + nk)

yn

n!
dt

]

×

[

∫

∞

0

e−
tk

k ta+nk−1

k
a
k
+n−1s

a
k
+n

dt

]

=

∞
∑

n=0

[

Γk(α+ nk)Γk(β + nk)Γk(γ)Γk(a+ nk)

Γk(α)Γk(β)Γk(γ + nk)k
a
k
−1s

a
k

·

(

y

ks

)n

1

n!

]

=
kΓk(a)

(ks)
a
k

∞
∑

n=0

(α)n,k(β)n,k(a)n,k

(γ)n,k

(

y

ks

)n

1

n!

=
kΓk(a)

(ks)
a
k

3F1,k

[

(α, k), (β, k), (a, k)(γ, k);
y

ks

]

Special case: Fork=1, the result shows Laplace Transform
of Hypergeometric function

L
{

zα−1
2F1

[

α, β; γ; yz
]}

=
Γ(a)

sa
3F1

[

α, β, a; γ;
y

s

]

Fractional Integration of k-Hypergeometric function
Let ρ, µ, ν, η, δ ∈ C and k ∈ R+ be such that Re(γ) > 0,

Re
(

λ
k

)

> max. {0,Re(µ − η),Re(ρ + µ + ν − δ)}, then for
x > 0

[

I
ρ,µ,ν,η,δ
0+

(

z
λ
k
−1

2F1,k

[

(α, k), (β, k); (γ, k); z
]

)

]

(x)

= kδx−ρ−µ+δ+ λ
k
−1 Γk(λ)Γk(λ− µk + ηk)

Γk(λ+ ηk)Γ(λ − ρk − µk + δk)

×
Γk(λ− ρk − µk − νk + δk

Γk(λ− µk − νk + δk)

×5F4

[

(α, k),(β, k),(λ, k)(λ− µk + ηk, k),
(λ− ρk − µk − νk + δk, k);

x

(γ, k),(λ+ ηk, k),(λ− ρk − µk + δk, k),
(λ− µk − νk + δk, k);

]

Proof: By Saigo and Maeda [10],

I
α,α′,β,β′,γ
0+ xρ−1 =

Γ(ρ)Γ(ρ+ γ − α− α′ − β)

Γ(ρ+ γ − α− α′)Γ(ρ+ β′)

×
Γ(ρ+ β′ − α′)

Γ(ρ+ γ − α′ − β)
xρ−α−α′+γ−1

[

I
ρ,µ,ν,η,δ
0+

(

z
λ
k
−1

2F1,k

[

(α, k), (β, k); (γ, k); z
]

)

]

(x)

=

[

I
ρ,µ,ν,η,δ
0+

{

z
λ
k
−1

∞
∑

n=0

(α)n,k(β)n,k
(γ)n,k

(

zn

n!

)

}

]

(x)

=

∞
∑

n=0

Γk(α+ nk)Γk(β + nk)Γk(γ)

Γk(α)Γk(β)Γk(γ + nk)

1

n!

(

I
ρ,µ,ν,η,δ
0+ z

λ
k
+n−1

)

(x)

=

∞
∑

n=0

Γk(α+ nk)Γk(β + nk)Γk(γ)

Γk(α)Γk(β)Γk(γ + nk)

1

n!

Γ
(

λ
k
+ n

)

Γ
(

η + λ
k
+ n

)

×
Γ
(

− µ+ η + λ+nk
k

)

Γ
(

−ρ− µ+ δ + λ+nk
k

)

×
Γ
(

− ρ− µ− ν + δ + λ+nk
k

)

Γ
(

−µ− ν + δ + λ+nk
k

) x−ρ−µ+δ+ λ+nk
k

−1

=

∞
∑

n=0

Γk(α+ nk)Γk(β + nk)Γk(γ)

Γk(α)Γk(β)Γk(γ + nk)

1

n!

Γ
(

λ+nk
k

)

Γ
(

ηk+λ+nk
k

)
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×

Γ

(

−µk+ηk+λ+nk
k

)

Γ

(

−ρk−µk+δk+λ+nk
k

)

×

Γ

(

−ρk−µk−νk+δk+λ+nk
k

)

Γ

(

−µk−νk+δk+λ+nk
k

) x−ρ−µ+δ+ λ
k
+n−1

=

∞
∑

n=0

Γk(α+ nk)Γk(β + nk)Γk(γ)

Γk(α)Γk(β)Γk(γ + nk)

xn

n!

×
Γk(λ+ nk)k

ηk+λ+nk
k

−1

k
λ+nk

k Γk(ηk + λ+ nk)

×
Γk(−µk + ηk + λ+ nk)

k
−µk+ηk+λ+nk

k
−1

×
Γk(−ρk − µk − νk + δk + λ+ nk)

k
−ρk−µk−νk+δk+λ+nk

k
−1

×
k

−ρk−µk+δk+λ+nk
k

−1

Γk(−ρk − µk + δk + λ+ nk)

×
k

−µk−νk+δk+λ+nk
k

−1

Γk(−µk − νk + δk + λ+ nk)
x−ρ−µ+δ+ λ

k
−1

=

∞
∑

n=0

(α)n,k(β)n,k
(γ)n,k

xn

n!
kδ

(λ)n,kΓk(λ)

(λ+ ηk)n,kΓk(λ + ηk)

×
(λ− µk + ηk)n,kΓk(−µk + ηk + λ)

(λ− ρk − µk + δk)n,kΓk(λ− ρk − µk + δk)

×
(λ− ρk − µk + δk)n,k
(λ− µk − νk + δk)n,k

×
Γk(λ− ρk − µk − νk + δk)

Γk(λ− µk − νk + δk)
x−ρ−µ+δ+ λ

k
−1

= kδx−ρ−µ+δ+ λ
k
−1 Γk(λ)Γk(λ− µk + ηk)

Γk(λ+ ηk)Γk(λ− ρk − µk + δk)

×
Γk(λ− ρk − µk − νk + δk)

Γk(λ− µk − νk + δk)

×5F4

[

(α, k),(β, k),(λ, k)(λ− µk + ηk, k),
(λ− ρk − µk − νk + δk, k);

x

(γ, k),(λ+ ηk, k),(λ− ρk − µk + δk, k),
(λ− µk − νk + δk, k);

]

Special case: Fork=1, the result shows Fractional integra-
tion of Hypergeometric function

[

I
ρ,µ,ν,η,δ
0+

(

zλ−1
2F1[α, β; γ; z]

)

]

(x)

= x−ρ−µ+δ+λ−1 Γ(λ)Γ(λ − µ+ η)

Γ(λ+ η)Γ(λ− ρ− µ+ δ)

×
Γ(λ− ρ− µ− ν + δ)

Γ(λ− µ− ν + δ)

×5F4

[

α, β, λ, λ − µ+ η, λ− ρ− µ− ν + δ;
x

γ, λ+ η, λ− ρ− µ+ δ, λ− µ− ν + δ;

]

Fractional Fourier Transform of k-Hypergeometric func-
tion

Fractional Fourier Transform ofk-Hypergeometric func-
tionof orderα is

ℑα

[

2F1,k{(α, k), (β, k); (γ, k); z}
]

=

∞
∑

n=0

(α)n,k(β)n,k(−1)n(i)−(n+1)(ω)−( n+1

α
)

(γ)n,kn!
Γ(n+1)

Proof: The Fractional Fourier Transform ofk-
hypergeometric function forz < 0 is

ℑα

[

2F1,k{(α, k), (β, k); (γ, k); z}
]

=

∫

R

eiω
1
α z

∞
∑

n=0

(α)n,k(β)n,k
(γ)n,k

zn

n!
dz

=

∞
∑

n=0

(α)n,k(β)n,k
(γ)n,kn!

∫ 0

−∞

eiω
1
α zzndz

=

∞
∑

n=0

(α)n,k(β)n,k
(γ)n,kn!

∫

∞

0

e−t

(

−
t

iω
1
α

)n(

dt

iω
1
α

)

=

∞
∑

n=0

(α)n,k(β)n,k(i)
n−1(ω)−(n+1

α
)

(γ)n,kn!

Special case: Fork=1, the result shows Fractional Fourier
Transform of Hypergeometric function

ℑα[2F1{α, β; γ; z}]

=

∞
∑

n=0

(α)n(β)n(−1)n(i)−(n+1)(ω)−(n+1

α
)

(γ)nn!
Γ(n+ 1)

k-Fractional Differentiation of k-Hypergeometric func-
tion

If µ be a real number and0 < µ ≤ 1,

D
µ
k

[

z
λ
k 2F1,k{(α, k), (β, k); (γ, k); z}

]

=
λΓk(λ)z

1−µ+λ
k

−1

kΓk(1− µ+ λ)
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×3F2,k

[ (α, k),(β, k),(λ+ k, k);
z

(γ, k),(1− µ+ λ, k);

]

Proof:

D
µ
k

[

z
λ
k 2F1,k{(α, k), (β, k); (γ, k); z}

]

=
d

dz

[

I
1−µ
k z

λ
k 2F1,k{(α, k), (β, k); (γ, k); z}

]

=
d

dz

1

kΓk(1− µ)

×

∫ z

0

(z − t)
1−µ
k

−1t
λ
k 2F1,k[(α, k), (β, k); (γ, k); t]dt

=
1

kΓk(1− µ)

d

dz

∫ z

0

(z − t)
1−µ
k

−1t
λ
k

∞
∑

n=0

(α)n,k(β)n,k
(γ)n,k

tn

n!
dt

=
1

kΓk(1− µ)

∞
∑

n=0

(α)n,k(β)n,k
n!(γ)n,k

d

dz

∫ 1

0

(z−zx)
1−µ
k

−1(zx)n+
λ
k z dx

[Putting t = zx]

=
1

kΓk(1− µ)

∞
∑

n=0

(α)n,k(β)n,k
n!(γ)n,k

×
d

dz

∫ 1

0

(1− x)
1−µ
k

−1(x)n+
λ
k z

1−µ+λ+nk
k dx

=
1

kΓk(1− µ)

∞
∑

n=0

[

(α)n,k(β)n,k
n!(γ)n,k

×
d

dz
z

1−µ+λ+nk
k B

(1− µ

k
, n+

λ

k
+ 1
)

]

=
1

kΓk(1− µ)

∞
∑

n=0

[

(α)n,k(β)n,k
n!(γ)n,k

(

1− µ+ λ+ nk

k

)

×z
1−µ+λ+nk

k
−1

Γ
(

1−µ
k

)

Γ
(

nk+λ+k
k

)

(

1−µ+λ+nk
k

+ 1
)

]

=
1

kΓk(1− µ)

∞
∑

n=0

(α)n,k(β)n,k
n!(γ)n,k

(

1− µ+ λ+ nk

k

)

×z
1−µ+λ+nk

k
−1

Γ
(

1−µ
k

)

Γ
(

nk+λ+k
k

)

(

1−µ+λ+nk
k

)

Γ
(

1−µ+λ+nk
k

)

=
1

kΓk(1− µ)

∞
∑

n=0

(α)n,k(β)n,k
n!(γ)n,k

z
1−µ+λ+nk

k
−1

×
Γk(1 − µ)Γk(nk + λ+ k)k

1−µ+λ+nk
k

−1

k
1−µ
k

−1k
nk+λ+k

k Γk(1 − µ+ λ+ nk)

=
∞
∑

n=0

(α)n,k(β)n,k
n!(γ)n,k

z
1−µ+λ+nk

k
−1 Γk(nk + λ+ k)

kΓk(1− µ+ λ+ nk)

=

∞
∑

n=0

(α)n,k(β)n,k
n!(γ)n,k

(λ+ k)n,k
k(1− µ+ λ)n,k

×
Γk(λ+ k)

Γk(1 − µ+ λ)
z

1−µ+λ
k

−1zn

= z
1−µ+λ

k
−1 λΓk(λ)

kΓk(1 − µ+ λ)

∞
∑

n=0

(α)n,k(β)n,k(λ+ k)n,k
n!(γ)n,k(1− µ+ λ)n,k

zn

= z
1−µ+λ

k
−1 λΓk(λ)

kΓk(1 − µ+ λ)
×3F2,k

[ (α, k),(β, k),(λ+ k, k);
z

(γ, k),(1− µ+ λ, k);

]

Special case: Fork=1, the result shows Fractional Differen-
tiation of Hypergeometric function

Dµ[zλ2F1{α, β; γ; z}]

=
λΓ(λ)z−µ+λ

Γ(1− µ+ λ)
3F2

[

α,β,(λ+ 1);
z

γ,(1− µ+ λ);

]

IV. CONCLUSION

In this paper, some useful results and relations are derived
using integral representation of generalizedk-hypergeometric
functions. An attempt is made to derivek-Beta transform
of k-hypergeometric functions. These results can be further
extended by special choices of the parameters.
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